Introduction
Following the proposal of an electromagnetic invisibility cloak via a geometric transform [27, 22] , and inspired by an extension to other equations of physics [24] , a number of papers have appeared on possible routes to elastodynamic cloaking [6, 25, 26, 13, 10] . Potential applications of transformation elastodynamics are in the protection of specific regions from mechanical vibrations ranging from ultrasonics [9] to civil engineering [5] and geophysics [8] .
The theory of cloaking has an intricate connection to the theory of inverse problems in the context of partial differential equations (PDEs). Loosely speaking, a successful cloak should make the reconstruction of material properties based on boundary measurements impossible. Greenleaf and coauthors have shown in [17] that two different conductivity distributions can lead to the same boundary voltage measurements. This result was achieved using a singular geometric transform, which blows up a point onto a ball. Incidentally, the transformation appearing in [27] coincides with that of [17] , although the latter work did not make connection to invisibility cloaks.
Pendry's construction of a perfect cloak in [27] essentially exploits the transformation invariance property of the Maxwell system. This invariance property is shared by electrostatic, acoustic and thermostatic problems. However, elastostatic systems do not retain their form under change-of-variables [24] . It should be noted that the geometric transform used in [27] is singular at the inner boundary of the cloak. This leads to technical difficulties in the mathematical analysis of transformed models. This was remedied in [21] by the introduction of a regularized geometric transform, which blows up a small ball onto the cloaked region. Here, the authors introduced the notion of near-cloaking, as opposed to perfect cloaking of [27] . An important observation in [21] is that the near-cloaking strategy is related to the study of certain boundary value problems with small inhomogeneities. The study of PDEs in the presence of small inhomogeneities is a well-established topic of interest amongst analysts. One can consult [16] for the conductivity problem, [20] for the Helmholtz problem, [3] and [2, chapter 2] for linear elasticity systems. We also refer the reader to the review paper [17] on cloaking by change-of-variable based methods.
In recent years, there has been considerable interest in the applied mathematics literature on the cloaking of elastic displacement fields. For instance, in [19] , the authors develop a regularized approximate cloak involving a lossy layer for the Lamé system and they derive sharp asymptotic estimates to assess the cloaking performance at finite frequencies. This approach borrows ideas from [20] where a similar construction was proposed to cloak acoustic waves at finite frequencies. In another interesting approach [1] , the authors make use of layer potential techniques and transformation matrix (so-called T-matrix) to achieve an enhancement of near cloaking of elastic waves in two-dimensions, in the low-frequency regime. A drawback in adapting the strategy in [19] to the static case is that estimates therein blowup in the zero-frequency limit, whereas the strategy developed in [1] through the construction of the so-called S-vanishing structures depends upon the Lamé parameters of the inclusion, see [1, section 5] for further details.
Here, we retain the classical transformation based cloaking strategy as proposed in [24, 12] : our inspiration comes from the work of [21] in electrostatics. There Kohn and co-authors linked the transformation based cloaking to the study of a Poisson problem with a small defect, thus applied the result of Friedman and Vogelius [16] , which established the difference between the solutions to the homogeneous and the perturbed problems to be a monotone decreasing function of the size of the defect, irrespective of the contrast in conductivity. Hence, the work of Ammari and coauthors [3] on the study of transmission problems in linear elasticity systems plays a prominent role in our near cloaking approach. Nonetheless, their asymptotic results are valid subject to certain upper bound on the bulk modulus of the inclusion, and this carries over to our near-cloaking results. This is in contrast to the conductivity case.
This paper is organised as follows; section 2 introduces the mathematical model, makes precise our notion of near-cloaking, gathers some basic qualitative properties of elasticity tensors and details transmission problems in high-contrast elastic media. Transformation based cloaking in linear elasticity is introduced in section 3, where we treat both the Willis and Cosserat settings. Section 4 deals with the nearcloaking results in 2D and 3D. Our main results are Theorem 4.2 in the Cosserat case and Theorem 4.3 in the Willis case. Finally, in section 5 we present our numerical results in two dimensions, where we illustrate a near-cloaking in Cosserat setting and the asymptotic behaviour of solutions to the transmission problems in both the soft and hard inclusion limits.
Mathematical setting
Throughout this work, d will stand for the dimension of the Euclidean space R d . In a linear elastic material with fourth order constitutive tensor C, occupying a bounded
where C :
Here n(x) denotes the outward unit normal to ∂Ω at point x = (x 1 , . . . , x d ). We assume that the elasticity tensor C = (C ijkl ) in (1) satisfies the ellipticity condition, i.e., there exists a constant a > 0 such that
for any symmetric second order tensor A = A ij . It is a classical matter in this setting to show that for any given g
d to the system (1) -we refer the reader to, e.g., [7] . Note that the solution u(x) is unique up to addition of constants. Hence, we can obtain uniqueness by imposing a normalisation Ω u(x) dx = 0.
As the partial differential equation (1) is well-posed, the following Neumann-toDirichlet map (NtD for short) is well-defined:
where u(x) is the unique solution to (1) corresponding to the traction boundary datum g(x). There also exists a variational characterisation of the displacement field u(x) which solves the elastostatic problem (1):
with e(v) = 
The constitutive tensor C of a typical elastic material would satisfy the following symmetries:
major symmetry:
for i, j, k, l = 1, ..., d. However, transformation elasticity may result in exotic materials with elasticity tensors without the minor symmetries (see section 3). In isotropic homogeneous elastic media, the elasticity tensor C = (C ijkl ) is fully symmetric and satisfies Hooke's law:
where the standard Krönecker delta notation is used. The constants λ and µ in (5) are called the bulk modulus (first Lamé parameter) and the shear modulus respectively. The ellipticity condition (2) for the isotropic elasticity tensor (5) translates as
The parameters λ, µ help us define the Poisson ratio ν, the Bulk modulus κ and the Young's modulus E as
We note that these assumptions ensure that 0 < ν < 0.5, but within the theory of composites it has been shown that ν can get close to −1 [23] . In isotropic setting, the elasticity system (1) takes the form
We further note that well posedness of (1) holds even for tensors with minor symmetry breaking in the elasticity tensor, see e.g. [15] .
2.1. Notion of near-cloaking. Given a region E strictly contained in Ω, the goal is to surround E by an elastic material such that any linear elastic object (inclusion) in E goes nearly undetected by measurements on the boundary of Ω. More precisely, let the background be occupied by a homogeneous isotropic material with Lamé parameters λ 0 , µ 0 satisfying (6). For any given positive δ, the aforementioned construction of the surrounding elastic material (possibly depending on δ) should be such that the associated displacement field is δ-close (in some chosen topology) to that of the homogeneous isotropic material (with the Lamé parameters λ 0 , µ 0 ) as measured at the boundary of Ω, irrespective of the elastic property of the inclusion in E.
Rather than addressing the aforementioned goal, we slightly weaken our objective as explained below. Throughout, we use the notation B r to denote a Euclidean ball of radius r = x 2 1 + · · · + x 2 d at the origin. To fix ideas, we take the region E to be B 1 and the surrounding region to be the annulus B 2 \ B 1 . We are given with two numbers 0 < δ < 1 and 0 < β < ∞. Our objective is to give a recipe for constructing a fourth order tensor C δ cl (x) with the structure
where C 0 and C 1 are isotropic fourth order tensors of the form (5) with Lamé parameters λ 0 , µ 0 and λ 1 , µ 1 respectively (both pairs satisfying the strong convexity condition (6)). Part of the construction involves defining D δ in (9) and specifying an admissible range for the Lamé parameters λ 1 , µ 1 in the cloaked region B 1 .
Furthermore, the above construction should be such that the solution u δ cl to (1) with C δ cl as the elasticity tensor satisfies u (10) where lim δ→0 h(δ) = 0 and u hom (x) is the solution to the isotropic system (8) with Lamé parameters λ 0 , µ 0 . The parameter β will be used to specify the aforementioned admissibility range for the Lamé parameters of the inclusion.
2.2.
Ordering property of elasticity tensors. In this subsection, we recall and prove some qualitative and quantitative results on elasticity systems. We say that two fourth order tensors C 1 and C 2 are ordered if we have
for any arbitrary symmetric second order tensor A. If C 1 and C 2 are isotropic homogeneous tensors, then there is a characterisation of the aforementioned ordering property in terms of their Lamé parameters. This is the purpose of the next result. Proof. For a symmetric tensor A of order 2, we have
A similar expression holds for (C 2 : A) : A as well. Hence we have
By inspection, it follows that the conditions dλ 1 + 2µ 1 ≤ dλ 2 + 2µ 2 and µ 1 ≤ µ 2 suffice to guarantee that C 1 and C 2 are ordered. Now, in order to show that they are indeed necessary, let us suppose that C 1 and C 2 are ordered as in (11) and further choose A to be the second order identity tensor which yields dλ 1 + 2µ 1 ≤ dλ 2 + 2µ 2 . Next, by taking A to be a symmetric second order tensor with vanishing diagonal elements, we obtain µ 1 ≤ µ 2 . The result we state next gives precise lower and upper bounds on the fourth order isotropic homogeneous tensors in terms of their Lamé coefficients. This observation will come in handy while performing the soft and hard inclusion asymptotics in the transmission problems addressed later on in this paper.
Lemma 2.2. Let C be a homogeneous isotropic fourth order tensor with Lamé coefficients λ and µ, then, for every symmetric second order tensor A, we have
with C 1 := min{dλ + 2µ, 2µ} and C 2 := max{dλ + 2µ, 2µ}.
Proof. For a symmetric second order tensor A,
Hence the estimate (13) follows from (12) . The next result says that the ordering property of the elasticity tensors will be picked up by the corresponding NtD maps. Lemma 2.3. Let C 1 and C 2 be fourth order elasticity tensors satisfying the symmetry assumptions (4) and the ellipticity condition (2) . Further assume that they are ordered in the sense of (11) . Then the corresponding NtD maps are ordered in the same manner, more precisely, we have
where ·, · denotes the duality pairing between [H
Proof. The proof goes via the energy method. In the elasticity system (1), take the elasticity tensor to be C 1 and the traction datum to be some f
Multiply the equation in (1) by the displacement field u(x) and integrate over the medium Ω yielding
where the inequality on the right follows from the variational formulation (3). We further continue the above inequality by exploiting the ordering assumption made on the tensors C 1 and C 2 to get
As a final step, we take v(x) to be, in particular, the displacement field associated with the elasticity tensor C 2 and with the same traction f (x) at the boundary, resulting in
Transmission problems in high contrast media.
In this part of the paper, we study transmission problems in the context of linear isotropic elasticity. More specifically, we consider the Lamé parameters of the background Ω \ D to be λ 0 , µ 0 and those of the inclusion D to be λ 1 , µ 1 . As usual, each of these Lamé parameter pairs are assumed to satisfy the strong convexity condition (6) . The elastic inclusion D is assumed to be a bounded Lipschitz domain. We consider the following transmission problem
We take the traction datum g
Here we have used the following notations for the trace and the Fréchet derivative at the inner boundary
where m(x) is the outward unit normal to ∂D at x. We are interested in understanding the solution u(x) to the transmission problem (15) when the Lamé parameters in the inclusion D show high contrast with respect to their values elsewhere in the domain. From Lemma 2.2, it follows that this high contrast setting corresponds to studying the regimes:
Hard inclusions:
Soft inclusions:
The limit problem corresponding to the soft inclusions is
The limit problem corresponding to the hard inclusions is
where
forms the basis functions in the space of rigid displacements in D. Furthermore, the coefficients α j in the second line of (17) are determined by the orthogonality condition
Next we recall a couple of asymptotic results from [3, Theorem 4.2, page 4458]. Theorem 2.1. Let u tr (x) denote the solution to the transmission problem (15) and let u 0 (x) be the solution to the soft inclusion problem (16) . Then there exists a constant γ > 0 such that
for all bulk and shear moduli κ 1 , µ 1 ≤ γ inside the inclusion D. (15) and let u ∞ (x) be the solution to the hard inclusion problem (17) . Let β > 0 be a given constant. Then there exist constants M,μ > 0 such that
Theorem 2.2. Let u tr (x) denote the solution to the transmission problem
for all first Lamé parameters λ 1 ≤ β and shear moduli µ ≥μ inside the inclusion D.
A more general convergence result in the hard inclusions case has been recently proved in [4] which, unlike Theorem 2.2, does not impose any boundedness assumption on the first Lamé parameter λ 1 in the inclusion. However, this generalisation in [4] does not give, unlike Theorem 2.2, a rate of convergence in terms of the Lamé parameters in the inclusion. We recall this result from [4] 
The proofs of Theorem 2.2 and Theorem 2.3 differ markedly. In short, the proof of Theorem 2.2 employs layer potential techniques for Lamé systems, whereas the proof of Theorem 2.3 goes via the variational characterisation of the hard inclusion problem (17) . We refer the interested reader to [3] for the proof of Theorem 2.2 and to [4] for the proof of Theorem 2.3. We will return to these high contrast transmission problems in section 5 where we report on some of our numerical experiments in the context of 2D elasticity.
Transformation elasticity
As noticed in [24] , the change-of-variable method need be constrained by a specific gauge proportional to the Jacobian of the transformation in order to ensure symmetry of the transformed elasticity tensor. The price to pay for preserving all the symmetries of the transformed order-4 tensor is the appearance of additional lower order tensors in the transformed equation. An alternative approach was proposed in [6, 13] , which preserves the structure of the Navier system, at the cost of losing minor symmetries of the elasticity tensor. The transformed materials are termed Willis media in the former case, and Cosserat media in the latter.
The following is the change-of-variable principle in the Cosserat setting. 
where the tensor F * C is defined as
for all i, j, k, l ∈ {1, . . . , d}, with the understanding that the right hand sides in (23) are computed at x = F −1 (y). Moreover we have,
The following is the change-of-variable principle in the Willis setting. 
is a solution to
where F * 1 C is a fourth order tensor; F * 2 C, F * 3 C are third order tensors; F * 4 C is a second order tensor. They are given by the following formulae (27) [F *
for all i, j, k, l ∈ {1, . . . , d}, with the understanding that the right hand sides in (27) are computed at x = F −1 (y). Moreover we have,
In (25), the gauge is DF −1 . Remark that if one takes the gauge in (25) to be identity, then (26) reduces to (22) as shown in [25] . By abuse of language, we will refer to F * C as the push-forward of C. Equation (26) is known as the Willis equation and can be achieved using perturbation techniques and variational principles in heterogeneous media [28] . Physically, the rank 3 tensors can be interpreted for instance in terms of a pre-stress and an effective body force due to the gradient of pre-stress [29] . 
From the push-forward formula (23) , it follows that the above cloaking coefficient is nothing but the push-forward of the following fourth order tensor
From the change-of-variable principle (Proposition 3.1) for the cosserat setting, it follows that in order to prove (10) , it suffices to prove
where u δ cos (x) solves the following system with C δ cos defined by (32) as the elasticity tensor:
3.1.2. Construction in the Willis setting. Given 0 < δ < 1, we take ε = d √ δ and take the corresponding Kohn's regularised transform F ε defined by (29) . Then, our strategy to near-cloaking is to construct the following tensors using the push-forward formulae (27) From the push-forward formula (27) , it follows that the above cloaking coefficients are nothing but the push-forwards of the following fourth order tensor
From the change-of-variable principle (Proposition 3.2), it follows that in order to prove near-cloaking, it suffices to prove 
Near-cloaking results
Here we state and prove the main results of this paper in both two and three spatial dimensions. The cloaking results given here, both in the Cosserat and in the Willis settings, essentially follow from the uniform (i.e. uniform with respect to the Lamé parameters in the small inclusion) estimates from [3] concerning diametrically small inclusions in transmission elasticity systems of the type (15) . We rephrase a result from [3, Theorem 6.1 on page 4461] which is sufficient for us to prove our results. The readers are referred to [3] for the proof of the above result. As it transpires from the proof therein, the constant M appearing in the above Theorem 4.1 is a monotone increasing function of the bound β on the bulk modulus in the inclusion. This is the motivation behind the introduction of the parameter β in our notion of near-cloaking as introduced in section 2. Incidentally, β will determine the admissible range of bulk moduli that can be cloaked. Interestingly, the estimate in Theorem 4.1 is independent of the shear modulus of the inclusion. As it will become apparent in the sequel, arbitrary shear moduli can be cloaked by our strategy, whereas an admissible range of bulk moduli is prescribed for a given pair (δ, β). Any hope of cloaking an inclusion with arbitrary bulk and shear moduli with our near-cloaking strategy would demand an improvement to [3, Theorem 6.1 on page 4461]. More precisely, one needs to prove the decay estimate is independent of β. An analogue of Theorem 4.1 for the conductivity problem was proved in [16] via a pure energy based approach, as opposed to the layer potential techniques used in [3] . So, another possible path to obtain a uniform decay result could be to explore a pure energy based method applied to elasticity systems with small inhomogeneities.
Before we state our results, we comment on the NtD maps associated with the transmission problem (15) and those associated with the soft and hard inclusion limits (16)- (17) . Let the inclusion D in (15) be of diameter ε. Let us denote the NtD map corresponding to the transmission problem (15) by Λ ε λ1,µ1 and those corresponding to the soft and hard inclusion limits (16) and (17) 
The above two convergences are to be considered in the operator norm. The ordering property of the NtD maps (see Lemma 2.3) then implies that we can sandwich the NtD maps for the transmission problem (15) between the above two extremes as follows:
If we are to show that the NtD map associated with the homogeneous isotropic system (8) is close to the NtD maps Λ ε 0 and Λ ε ∞ in the ε 1 regime, then the aforementioned sandwich property evidently yields a near cloaking result for the Navier systems. This strategy mimics the work [21] where scalar equations are studied and which borrows ideas from [16] dealing with the effect of extreme inhomogeneities in small inclusions on the boundary measurements. We will not be using this strategy in the present paper. It will be employed elsewhere. As far as this paper is concerned, we will employ the result of Theorem 4.1 to arrive at our near-cloaking results. In two dimensions:
Cloaking results in
In three dimensions:
subject to the strong convexity condition (6) .
Proof. Given δ, take ε = The only difference in the three-dimensional case lies in the range of Lamé parameters in the inclusion. We will simply give the arguments for that part of the proof. In dimension d = 3, in the elasticity tensor C δ cos , the Lamé parameters in the inclusion B ε are of O(ε −1 ). Hence, given a number β < ∞, we can invoke Theorem 4.1 to prove the result as long as the Lamé parameters in the inclusion fall in the range given by (41). In two dimensions:
The proof of Theorem 4.3 is the same, mutatis mutandis, as of the proof of Theorem 4.2. Here the necessary difference being, instead of studying the small defect tensor C δ cos , we need to study the small defect tensor C δ wil given by (36).
Numerical simulations
This section concerns some numerical tests that we have performed in support of the near-cloaking theory for the Navier systems in two spatial dimensions (d = 2). In broad strokes, our numerical tests concern the soft inclusion limit (Theorem 2.1), the hard inclusion limit (Theorem 2.2), the near-cloaking result in two dimensions and in Cosserat setting (Theorem 4.2) and some numerical tests in elastodynamics.
We take the domain Ω to be a disk of radius 10 and the inclusion D to be one of the following: disk, ellipse and rectangle.
Unlike for the Neumann problem (1) studied all through the previous sections, we perform numerics on the Navier systems by providing Dirichlet data at the boundary ∂Ω.
The Dirichlet datum that we have chosen is the following radial source
We have taken the following structure for the elasticity tensor C in (45):
Here C 0 and C 1 are isotropic homogeneous elasticity tensors with Lamé parameters λ 0 , µ 0 and λ 1 , µ 1 respectively. We pick the Lamé parameters in the background Ω \ D to be corresponding to Aluminium.
Numerical tests in elastostatics.
The elasticity system (45) with the above choice of isotropic background and isotropic inclusions is nothing but a transmission problem similar to (15) where one considers continuity of the displacement fields and the fluxes at the boundary of the inclusion ∂D. We solve (45) for the unknown displacement field u(x) using finite elements in the COMSOL multiphysics package.
Let us start with a numerical study, which supports the theoretical findings of [3, Theorem 6.1 on page 4461] on the closeness of the solution u tr of a small defect problem to the solution u hom of an unperturbed (homogeneous) problem, which we have rephrased as Theorem 4.1. Our finite element computations for the quantification of the impact of a defect on an elastostatic field within a closed, constrained cavity, are shown in Table 1 , and are in good agreement with the estimate
2 which is valid for some constant M independent of the Lamé parameters λ 1 , µ 1 in the inclusion D as long as λ 1 ≤ β for some constant β. We further show in Figure 1 some plots of the displacement field in a homogeneous cavity, the same cavity with a defect, the same cavity with of small diameter, and the same cavity with a defect surrounded by an elastodynamic cloak. This illustrates the fact that the defect does not perturb the displacement field when it is either cloaked or small enough. In order to study the soft and hard inclusion limits, we will be considering the following sequence of elasticity tensors
with η being a real parameter. We denote by u η (x), the solution to the equation (45) with elasticity tensor C η (x). We study the soft and had inclusion limits while the parameters takes extreme values (both in the regimes η 1 and η 1). The Figure 1 . Plots of magnitude of displacement field
(first column), the horizontal displacement u 1 (second column), the vertical displacement u 2 (third column), the dilational strain 1/2(∂u 1 /∂x 1 + ∂u 2 /∂x 2 ) (fourth column) and the shear strain 1/2(∂u 2 /∂x 1 + ∂u 1 /∂x 2 ) (fifth column); First row: defect of radius 2 with Lamé parameters such that λ 1 /λ 0 = 10 2 and µ 1 /µ 0 = 10 5 surrounded by a Cosserat cloak of radii 2m and 4m in a cavity of radius 10 with an applied radial force on the boundary; Second row: same for defect only; Third row: same for a small defect of radius 0.2m; Fourth row: same without defect. Note we choose defects of radii 2m and 0.2m to enhance the discrepancies between plots.
limit problems of interest are
where {Ψ j } 3 j=1 forms the basis functions in the space of rigid displacements in D. The coefficients α j are determined by the orthogonality condition (18) . We numerically illustrate the asymptotic behaviour of
in terms of η in the η 1 regime (resp. in the η 1 regime). We perform the asymptotic analysis on a series of geometric shapes while keeping their area constant and equal to π. This class of geometric shapes are (i) ellipses with varying semi-axes; (ii) rectangles of varying sides. The results are reported in tables and illustrated in graphs. We only compute the L 2 -norms of the difference as opposed to the H 1 -norms of Theorems 2.1, 2.2, 2.3. Computing solutions to (45) in the regimes η 1 and η 1 corresponds to working with high-contrast problems and it is therefore necessary to mesh very finely the inclusion D in order to achieve an accurate numerical solution. The case of hard inclusions is much more challenging numerically since the boundary condition at the inclusion for the limiting problem is unconventional in the sense that the Dirichlet data for u ∞ at the inner boundary ∂D is given via the normalisation (18) . Regarding the mesh of the computational domain Ω, we have numerically checked that all our results are fully converged, i.e., the numerical values for both u η − u 0 L 2 and u η − u ∞ L 2 do not change with further refinement in the mesh when we have about 840 thousand triangles and 2 thousand edges.
Ellipses:
We choose a series of ellipses of constant area π, centered at the origin, with semi-axes a and b taking the values (a, b) = (1, 1), (2, 1/2), (4, 1/4), (7, 1/7). The results in the soft inclusion regime are reported on Table 2 and in Figure 2 . We can deduce from the Log-Log plot in Figure 2 that
in the regime η 1, for some constant B(D) that depends on the shape of the elliptic inclusion D. The larger the eccentricity in the ellipse D, the larger the constant B(D) which can be up to 100 times larger when the eccentricity is 7 times larger.
The results in the case of hard inclusions are reported on Table 3 and in Figure  3 . We can infer from the Log-Log plot in Figure 3 that
in the regime η 1, for some constant B(D) that depends on the shape of the elliptic inclusion.
In the work [3] , the above convergence rates are given to be η 1/4 in the soft inclusion limit and to be η −1/2 in the hard inclusion limit. However, the authors of [3] do not claim their rates to be optimal. Our numerical tests suggest that there is room for improvement. Nevertheless, the distance was evaluated in the H 1 norm unlike the L 2 norm computed above. Rectangles Next we consider rectangular inclusions of constant area π, centred at the origin, with sides a and b taking the values (a,
We report the results in Table 4 , Figure 4 for the soft inclusions (η 1) and in Table 5 , Figure 5 for the hard inclusions (η 1). One can see that the asymptotic behaviour is similar to (50) and (51) where the constants B(D) depend upon the aspect ratio of the rectangular inclusion. The larger the aspect ratio, the larger the constant B(D). One also notes that although
Parameter η 6.94129
1.91765×10 the area of the rectangular inclusions is kept to π as for elliptical inclusions, the constant B(D) is slightly different than that for ellipses. This can be attributed to the fact that ellipses have a smooth boundary, unlike rectangles. 
Numerical tests in elastodynamics.
As opposed to the static case studied so far, we now address the following time-harmonic Dirichlet elastodynamic problem at a non-zero frequency
The fourth order elasticity tensor C η in (52) takes the form (48) and ρ, ω denote the density and angular wave frequency respectively. The Dirichlet source f is taken to be radial and given by (46). We study the soft inclusion limit, i.e., the η 1 regime for the elastodynamic problem (52). The corresponding limit problem is as follows: We take the density ρ 0 = 7.85 × 10 3 kg.m −3 in the background (steel) and the density ρ 1 = 2.7 × 10 3 kg.m −3 in the inclusion (aluminium). The angular wave frequency ω is taken to be 0.1 rad.s −1 . As in the elastostatics case, we have done these numerical experiments on elliptic inclusions with different eccentricities (while keeping the area fixed and equal to π) and on rectangular inclusions with different aspect ratios (again, while keeping the area fixed and equal to π). The results are tabulated in Table 6 and Table 7 . Clearly, the difference between the static and quasi-static cases is small (changes appear only in the third or fourth digit of decimal numbers). The numerical convergence is harder to achieve in the finite frequency case, which is why we do not give a table for larger values of frequency, where we expect a more pronounced effect.
Concluding remarks
Even though we presented our results in an isotropic setting, our near-cloaking strategy carries through to anisotropic backgrounds with anisotropic inclusions. The notion of admissible range of bulk moduli that could be cloaked (via the parameter β) is a consequence of Theorem 4.1. However, our numerical illustrations suggest that our strategy should cloak arbitrary bulk moduli as well. 
